
in i t ia l ,  left- and r igh t - s ide  model  boundary vo l t ages ,  r e spec t ive ly ;  r ,  Ce, ohmic r e s i s t a n c e  and capaci tance  
of the mode l  cel l ;  Rg, Rc,, l e f t -  and r igh t - s ide  model  boundary r e s i s t a n c e s ;  n, number  of model  cel ls ;  k l , k r ,  
kT ,  coord ina te ,  t ime,  and t e m p e r a t u r e  s ca l e s ;  x e ,  cel l  coordinate ;  r e ,  t ime .  
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U S E  O F  A H Y P E R B O L I C  E Q U A T I O N  I N  

T H E R M A L - C O N D U C T I V I T Y  T H E O R Y  

V .  A .  B u b n o v  a n d  I .  A .  S o l o v ' e v  UDC 536.33 

A solution of the t e l eg raph  equation is  g iven which is  c lose  to a s e l f - s i m i l a r  solut ion.  

1. Singular i t ies  in Solutions of the Class ica l  Equation of T h e r m a l  Conductivity. In the s imula t ion  of 
t h e r m a l  p r o c e s s e s  by the equation of t h e r m a l  conductivi ty,  

or  o~r (1) 
- - = a  , 

Ot Ox z 

ce r t a in  s ingula r i t i es  occur .  Actual ly ,  we cons ider  the fundamental  solution of Eq.  (1) 

T o (x, t) = I/V'4aat exp [ - -  xZ/(4at)] (2) 

and find the mean  value of the squa re  of the t e m p e r a t u r e  d i sp lacement  f r o m  i ts  ini t ial  posi t ion during the t ime  

t: 

Ax--'z = S (x - -xo)  z T o (x, t) dx/~ T o (x, t) dx = 2at. (3) 

We define the r a t e  of t e m p e r a t u r e  d i sp l acemen t  in the following manner :  

v=- d ( y S )  = r (4) 

I t  then follows that  the t e m p e r a t u r e  nommfformi ty  is p ropagated  ins tantaneously  at the ini t ia l  t ime .  A s i m i l a r  
pa radox  occurs  in the theo ry  of Brownian motion [1]. 

Using the fundamenta l  solut ion,  we find an equation for  the su r face  of m a x i m u m  t e m p e r a t u r e .  To do th i s ,  
we d i f fe ren t ia te  Eq.  (2) with r e s p e c t  to t i m e  and equate the r e su l t  to zero .  Then x2--2at = 0, hence x = 

and 

dx I / a / ( 2 0  (5) 
V ~  dt 

i .  e . ,  the expres s ion  for  the r a t e  of d i sp l acemen t  of the su r f ace  of m a x i m u m  t e m p e r a t u r e  ag r ee s  with Eq.  (4) 

and V m a  x has a m a r k e d  s ingular i ty .  

The use  of the c l a s s i ca l  equation of t h e r m a l  conductivity in phase - t r ans i t i on  p rob l ems  a lso  leads to a 
s i m i l a r  pa radox .  Actual ly ,  in the well-known Stefan solution [2], the law of motion fo r  the f reez ing  line has 

the f o r m  z = pv~- so  that  

V, = _d.z = p/(2]/-F).  
dt 
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Note that some problems in the theory  of f i l t rat ion and in vor tex  motion reduce to boundary-value p rob-  
lems for  Eq. (1); consequently,  the s ingular i t ies  mentioned also occur  in these problems.  

The existence of these paradoxes points to the need for  ref inement  of the c lass ica l  equation of the rma l  

conductivity. 

On the basis  of i so the rm analys is ,  the following equation was obtained [9]: 

c - ~ W ;  + -gi- = / ~ -  ~ i - ] a # "  (6) 

We introduce the following notation: X = c / ( - -dc /d t ) ,  a = c2~. In some cases ,  )~ and a can be considered con- 
s idered constants .  Equation (6).then takes the form 

02T + OT 02T - -  = a . (7) 
Ot 2 Ot Ox 2 

A s imi la r  equation was obtained by many authors [3, 7, 8] on the basis of relaxation concepts.  As shown in 
[9], the problem for  wave propagation of heat is incor rec t ly  formulated if a parabolic  equation is used in it. 
The incor rec tness  is el iminated by convers ion to Eq. (7). 

2. A Solution of the Telegraph Equation. We find a solution of Eq. (7) which t r ans fo rms  into the funda- 
mental  solution of the parabolic  equation of t he rma l  conductivity when ~ ~ 0. To do this ,  we introduce the new 
var iables  

We seek a solution of Eqo (7) in the fo rm 

We indicate the convers ion formulas  

= t, ~1 = x2/~. (8) 

1 
T = "r- ~ f (4, ~). (9) 

0 0 0 0 l 1 0 
- -  - - 'r-a~l  ; ~ 2 ~ r  2 T i 2 - - .  

at or an ax an 

We now rewri te  Eq, (7) in the form 

r 3 -a Of "~ 02f + 3,~_ar I ~ + .r 02f 
7o [ - 4 -  ~ f -  -~r + o :  oq . o , :  

a v  ] 1 of Of a [ 2  Of 02f ] 
- z q 0 - ~ j - - Y f + ~  a ~ - - - ~ - ~  = L -~-~ ~-4n--0-~ ~ '  (1 o) 

We seek a solution of Eq. (10) in the form 

:0], "0 = 2 q:-nfn (n) �9 (11) 
rt~O 

Substituting Eq. (11) in Eq. (10) and equating coefficients of identical  powers of r on the r ight and left 
sides of the resul tant  equality, we a r r ive  at a sys t em of equations for  f n :  

[+ to+3nt; +nv"o - -  T h - -  nf~ = a (2fl + 4nf, ), 

1 ) f , ~ _ x + ~ l ( 2 n +  l ) f n _  l + ~ 1 2 / ~ , 1 ] + ( n  + ~_)f,_nf,_~a(2f, 4~lf,~)" 

The solution of the equation for  f0 has the fo rm 

fo 01) = A exp [-- ~l/(4a)]. 
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The funct ions  fn(~)  (n ~ 1) should  be sought  in  the  f o r m  

2tl 

[n 01) = Ag" exp I - -  n/(4a)l ~ a,ini, 
t = 0  

where  the  ani  a r e  unknown coe f f i c i en t s .  

We obtain the  g e n e r a l  f o r m  of the  d e s i r e d  solut ion T(~, T) by subs t i tu t ing  in  Eq.  (9) the  expans ion  in 
t e r m s  of  i n v e r s e  p o w e r s  of  �9 found fo r  f ( ~ ,  r ) .  Re tu rn ing  to  the v a r i a b l e s  x and t ,  we wr i te  T(x ,  t) in  the 
f o r m  

T (x, t) = A exp [--  x~/(4at)] t -  -~ ~ O./t)" a,,~ (12) 

We wr i te  down the  va lues  of  s o m e  of the  coef f i c i en t s :  

3 
%0 = 1; aa0 = 

4 

75 1 
- -  2ab 5 air = bl; atz . . . .  ; a~o = _ _  __ 15ab x 

bl 

16# 32 

36a s 16a ~ 

- -  ab t + 315aZbz-- 120aab3; a3 x 

1155 420 
- -  b 1 

512a 2 16a 

45 15 
+ 12a2ba; a2x = ~ bx 16a 12ab2; azz = b~; azs = 

1 1225 3465 
a2~ = 512a* ; a'n~ ----- 128 16 

1050 + 8295 
-- 25----~ ~ bl --420ab2 + 180a~ba; a32 = 

105 43 
+ ~ b2 - -  30aba; an* = ba; a~4 = " 2048a* 

1 b,  

512a 5 -f 512a 4 , a ~ =  

7b, b 2 , 
256a s l~a2" a33 

1 

24576a s 

The  coe f f i c i en t s  A and b..1 (J = 1, 2,  . . .  ) a r e  u n d e t e r m i n e d  cons t an t s .  In  the  fol lowing,  we se t  A = 1 [  444-~-~. 
We c o n s i d e r  the  funct ions  

0 fo~ ~ >_~_~_, 

, (x, t) = t" x 2 _x_x t 
I o ~ _  for ~ _,---~_, 

4X' 4Xa ~ , V  

tp (x, t) = ] / '~/(2a)  exp [--  t/(2~)] 0 ~  I* (x, t)]. (13) 

I0(z) is  a modi f i ed  B e s s e l  funct ion [3]. The  d e r i v a t i v e s  at  the  points  I x/4-a't = t/4-X s h o u l d b e  unders tood  in the 

g e n e r a l i z e d  s e n s e  [4], na m e l y :  

, = - - e x p [ - - t l ( 2 ~ ) ] 5  .]/~_ ~ , tp (x, t) ~- 2a 

, = l__exp[~t / (2~)18 x + _ ~  . (x, t) ~=_ v~ 2a 

I t  i s  e a s y  to  obtain  an  a s y m p t o t i c  expans ion  of ~0(x; t) f o r  Ix/J-a l  < t/q-X in the f o r m  (12). In th is  c a s e ,  b I = 
--1/2 , b 2 = --3/4, . . . .  Note  tha t  the  funct ion ~o(x, t) s a t i s f i e s  Eq .  (7). Calcula t ing the r a t e  of p ropaga t ion  of  
the  in i t ia l  m a x i m u m  t e m p e r a t u r e ,  we find tha t  V m a  x = ~f a--7-~'; i . e . ,  the  p a r a d o x  noted is e l imina ted  in the con-  

v e r s i o n  f r o m  Eq .  (1) to  Eq .  (7). 

Witli the  help of  the  funct ion ~o(x, t) we now c o n s t r u c t  a so lu t ion  of Eq .  (7) sa t i s fy ing  the  condi t ion T(x,  0)= 
F(x) .  P r o c e e d i n g  as  in [5], we c o n s i d e r  the  s u p e r p o s i t i o n  of so lu t ions  
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T (x, t)= ~ F (x~)q~ (Axe, t)Axi. (14) 
i 

Convert ing to an in tegra l  in Eq.  (14), we obtain 

T (x, t) = S F (z) q~ (x - -  z, t) dz. (15) 

Analys is  of this solution shows that  Eq. (15) t r a n s f o r m s  into the Poisson  in tegra l  fo r  the c l a s s i ca l  equation of 
t h e r m a l  conductivity [6] both fo r  t ~ ~ and fo r  )~ ~ 0. Considering the speci f ic  f o r m  of the function ~ (x, t) ,  
Eq. (15) can a lso  be wri t ten in the f o r m  

x t x �9 t 

x l ~'~ +t lV'f a 
+ V ~  ~ f ( z ) - ~ - [ i o ( V ' t V ( 4 ~ 2 ) _ i x _ z p / ( 4 ~ a y ] d z .  

xlV~-t lVs 

In the case  where  F(z) is  of compl ica ted  f o r m  and it  i s  difficult  to compute the in tegra l  on the r ight  side of 
Eq. (15), i t  is  advisable  to use  the asympto t ic  expansion of the function q(x,  t). 

N O T A T I O N  

T,  t e m p e r a t u r e ;  t ,  t ime;  x, spa t ia l  coordinate;  a ,  t h e r m a l  diffusivity; c,  r a t e  of i s o t h e r m  d i sp lacement .  
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